We consider low-Reynolds-number axisymmetric flow about two spheres using a novel, biharmonic stream function. This enables us to calculate analytically not only the forces, but also the dipole moments stresslets and pressure moments and the associated resistance functions. In this paper the basics properties of axisymmetric flow and the stream function are discussed. Explicit series expansions, obtained by separation in bispherical coordinates, will be presented in a follow-up paper.
Introduction
The grand resistance and mobility tensors describe the hydrodynamic interaction between rigid bodies suspended in a fluid medium and play an all-important role in colloidal science 1-7 . More specifically, they express the linear relationship between the Cartesian force multipole moments exerted by the particles on the fluid and the gradients of the ambient flow velocity taken at the particle centers. Both tensors depend, in general, on the positions and orientations of all the suspended particles. However, in the special case of just two spherical bodies, owing to O 2 -symmetry about the line connecting the particle centers, the full tensors can be reduced to a set of scalar resistance and mobility functions [8] [9] [10] [11] [12] [13] [14] [15] . Accurate knowledge of the two-body resistance functions is essential to overcome certain contact singularitiesalso referred to as lubrication singularities-that dominate the many-body tensors when a pair of particles comes close to touching 16, 17 .
The calculation of the 2-body resistance functions is based on the solution of the Stokes boundary value problem for stationary, low-Reynolds number flow about two spheres. In this case there exists a set of curvilinear coordinates that is adapted to the physical boundaries at hand-the bispherical coordinates-and it seems natural to try to solve the problem
Stokes Equations
We consider two spheres immersed in an unbounded, simple fluid with shear viscosity η. The spheres-in the following labeled by Greek indices ν, μ ∈ {1, 2}-have radii a ν and are centered on the 3-axis of a Cartesian frame at positions X ν Z ν e 3 . To exclude overlap, we assume that |Z 1 − Z 2 | > a 1 a 2 . The dynamics of the fluid is described in terms of the local deviation from the thermal pressure, p x , and the flow velocity u x which obey the linear Stokes equations for stationary, low-Reynolds number flow with stick boundary conditions 8, 42
2.1
Here, B 0 denotes the fluid region and ∂B ν the surface of particle ν. Moreover, f ext is an external force density acting on the fluid, while U ν and Ω ν are the translational and rotational velocities of particle ν, respectively. We assume f ext to have a compact support that is not overlapping with the particles. Equations 2.1 then pose a Dirichlet boundary value problem for p, u whose solution-for fixed geometry and given sources f ext , U, Ω -is uniquely determined 8, 43 . We are interested here in the forces and dipole moments exerted by the particles on the fluid. These are defined by we use Latin indices i, j, . . . ∈ {1, 2, 3} to label Cartesian components and the summation convention over repeated upper and lower Latin indices
where the surface-force density 8, 42
is determined by the solution of 2. 
denote the pressure moment 14 , the torque, and the deviatoric stresslet 11, 44 , respectively.
We decompose the flow p, u in the form
where p ext , u ext is the flow caused by f ext in the absence of the particles and called the external flow. The remainder q, v will be referred to as the excess flow. It satisfies the Dirichlet problem
with applied velocities
Inserting 2.6 in 2.3 , one obtains a decomposition of the surface-force densities of the form
where F μ ext is defined as in 2.3 , with p, u replaced by p ext , u ext . Notice that the external flow is well defined inside the particles, where it obeys the homogeneous Stokes equations since the support of f ext lies outside the particles . The contribution from F μ ext to the force moments 2.2 can therefore be evaluated by converting the surface integrals into volume integrals over the interiors B μ of the particles. Expanding then p ext , u ext about the particle centers, X μ , and using isotropy, it is easy to calculate these integrals exactly.
Assuming that the external flow varies slowly on the length scale of the particle diameters, we expand the applied velocities 2.8 up to first order about the particle centers. This yields
where the expansion coefficients
are referred to as the effective translational and rotational velocities and the local rate of strain, respectively. We also put
It follows from incompressibility cf. the first equation in 2.1 that the local rates of strain are traceless, δ mn E mn ν 0. Notice that by admitting inhomogeneous external flows, we can avoid conceptual problems of earlier approaches which were based on a uniform shear flow and which, therefore, either could not always resolve the individual contributions of the spheres 11 , or, in order to be able to do so, had to assume artificial deformations 13, 38, 41 .
Upon inserting 2.9 in 2.2 and 2.5 , and evaluating the contributions from F μ ext in the manner outlined above, one obtains
where G 
Axisymmetric Flow
x s, ϕ, z ⎛ ⎜ ⎜ ⎝ s cos ϕ s sin ϕ z ⎞ ⎟ ⎟ ⎠ s ≥ 0, ϕ ∈ R 2π , z ∈ R , e s ϕ ⎛ ⎜ ⎜ ⎝ cos ϕ sin ϕ 0 ⎞ ⎟ ⎟ ⎠ , e ϕ ϕ ⎛ ⎜ ⎜ ⎝ − sin ϕ cos ϕ 0 ⎞ ⎟ ⎟ ⎠ , e z ⎛ ⎜ ⎜ ⎝ 0 0 1 ⎞ ⎟ ⎟ ⎠ .
3.2
Notice in 3.1 that the scalar and the vector components are independent of the azimuthal angle ϕ. Since the Stokes operator u 1 , u 2 → q, v , defined by the Dirchlet problem 2.7 , is invariant under rotations about the 3-axis, it follows 15 that the flow q, v is axisymmetric if and only if the applied velocities 2.8 are axisymmetric. Expressing 2.10 in cylindrical coordinates one finds that this is the case if and only if the local velocity gradients 2.11 assume the special form
where we have used that tr E ν 0. Inserting 3.3 in 2.10 , one obtains
where s, z ∈ ∂ B ν means x s, ϕ, z ∈ ∂B ν for some and thus all ϕ ∈ 0, 2π . Likewise, we will use the notation s, z ∈ B 0 . Upon inserting 3.1 and 3.4 into 2. 
3.6
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3.7
These two problems are completely decoupled, since 3.6 is determined by the W ν , while 3.7 is determined by the U ν and E ν . Also, from the general uniqueness theorem 8, 43 , it follows that both problems have at most one solution.
In the following, we parameterize the surfaces ∂B ν in terms of the azimuthal angle ϕ and a polar angle ϑ according to
where the mapping ϑ → s ν ϑ , z ν ϑ ∈ ∂ B ν parameterizes the solutions of the surface constraint
This mapping is assumed to be smooth and nonsingular, withż ν ϑ / 0 for all ϑ ∈ 0, π . Then, sgnż ν ±1 denotes the orientation of the parameterization, and dS a |ż ν ϑ | dϑ dϕ is the surface element. The parameterization will be made explicit in the following paper 40 , where we introduce bispherical coordinates; for the present purpose, it is sufficient stay general.
Since the mapping q, v → G 1 , G 2 , defined by the constitutive equation 2.9 , is invariant under rotations about the 3-axis, it follows 15 that the surface-force densities G μ x caused by axisymmetric flow q, v are again axisymmetric
3.10
Calculating the associated moments, defined as in 2.2 , one can easily perform the azimuthal integrations to obtain the generic form
Journal of Applied Mathematics where the nonvanishing elements involve polar integrations over the components of 3.10 . Inserting these in 2.13 , one finds
with
3.13
To determine the components of 3.10 , we insert 3.1 in 2.9 and use the incompressibility condition. This yields
3.14 where and so forth, and using that
we finally obtain 
3.22
The scaling 3.22 is based on the one-sphere results 13
